1. Introduction. Let us consider the Lebesgue integral on a bounded interval $I$ of the real line. There have been many attempts of extending the concept of integral for a larger class of measurable functions; some of them depend heavily on special properties of the derivative on the real line, preventing to be brought in general settings, but some are based only on the notions of measure theory, admitting investigation in general cases. We will follow the latter direction.
If a measurable function is not integrable, it has points of singularity, $i.e.$ , roughly speaking, it is not integrable on any neighborhood containing the points. If functions with a fixed point of singularity are in question, a generalized integral may be defined as something like Cauchy's principal value. However, if points of singularity are distributed over some region, depending on a function $f(x)$ , such an approach must undergo some modification. A natural generalization will be with $F_{n}^{c}$ denoting the complement of $F_{n}$ . Since the region of singularity varies along the function $f(x)$ , we can not take one and the same sequence $\{F_{n}\}$ for the definition of a generalized integral, and even for a single function the limit on a sequence $\{F_{n}\}$ may differ from that on another $\{F_{n}^{\prime}\}$ . In order to avoid these inconvenience and ambiguity, sequences used for the definition must obey some additional requirements. In this respect, Kunugi [3] proposed a definition $*)$ A part of this work was done while the author was at California Institute of Technology under grant NSF-G 19914. of a generalized integral which is independent of the special choice of an admissible sequence and proved that the class of functions integrable in the generalized sense is linear and the generalized integral is a linear functional on it. Then there arises a question whether the generalized integral can be calculated more directly from the function $f(x)$ without any reference to a sequence $\{F_{n}\}$ . In this connection we are interested in the generalized integral, proposed by Titchmarsh [6] , which is defined by
where the function $f^{(\gamma)}(x)$ , the truncation of $f(x)$ by the positive number $\gamma$ , is defined by
The class of functions integrable in this sense is not linear, nor the generalized integral is a linear functional. In order to guarantee both linearities, we have to impose additional conditions on functions. The detailed definitions of both generalized integrals are given in the next section.
We will prove that Kunugi's generalized integral is identical with Titchmarsh's (Theorem 1). This gives an intrinsic characterization of Kunugi' s generalized integral and, at the same time, an approach to Titchmarsh's from the standpoint of Cauchy's principal value. The class of functions integrable in the generalized sense can be characterized from various points of view. It is shown to be the maximum extension of the Lebesgue integral under the suitable restrictions (Theorem 2). As the Lebesgue class can be obtained from the class of continuous functions by the procedure of completion with respect to the $L_{1}$ -norm llfll $=\int_{1}|f(x)|dx$ , the class of functions integrable in the generalized sense is the completion of the Lebesgue class with respect to the quasi-norm $\Vert f\Vert_{*}=\sup_{\sim>0}|\int_{I}f^{(\gamma)}(x)dx|+\sup_{\gamma>0}\gamma$ meas $(x:|f(x)|\geq\gamma)$ (Theorem 3). The quasi-norm introduces the linear metric topology on the class, under which the generalized integral becomes a continuous linear functional, and moreover, in contrast to the Lebesgue case, it is the only continuous one up to scalar (Theorem 4) . The last section is a survey of the usefulness of the generalized integral in connection with conjugate functions in the theory of Fourier series. Except in the last section, we will discuss generalized integrals on an abstract measure space.
2. Generalized Integrals. We shall use the terminologies of [2] conceming measure and integration theory. Let (X, $\mathfrak{B},$ $m$ ) be a non-atomic, finite measure space. Every functions $f,$ $ g,\cdots$ in this paper will be assumed to be real valued and measurable. Any two functions which coincide with each other almost everywhere are identified, and $\mathfrak{L}$ stands for the class of all integrable functions. Capitals $E,$ $F,$ $\cdots$ denote measurable sets and Greek letters $\alpha,$ $\beta,$ $\cdots$ are reserved for real numbers. The following property of the non-atomic measure will be used without any reference: if $m(E)>\gamma>0$ , there is a set $F$ such that for $\int_{X}f(x)dm(x)$ and $\{x:f(x)\geq\gamma\}$ respectively. Kunugi [3] introduced the notion of a generalized integral based on his theory of ranked spaces and called it the (E. R.) integral, the definition of which in an abstract measre space can be found in [5] . We can formulate it in a slightly different from a function; $f$ is (E. R.) integrable, if there are a sequence $\{F_{n}\}$ , a decreasing sequence $\{\epsilon_{n}\}$ with the limit The (E.R.) integral of the function $f$ is defined by
It is proved in [3] , [5] that the limit does not depend on any special choice of the sequence $\{F_{n}\}$ obeying (k1) to (k3) and that the class of all (E.R.) integrable functions forms a linear set and the (E.R.) integral is a linear functional on it. If a function is integrable, it is obviously (E.R.) integrable and its (E.R.) integral coincides with its integral.
Titchmarsh [6] introduced the notion of the $Q$ integral, the precise definition of which with the condition (q2) is due to Ocan [4] and Ulyanov [7] . A function $f$ is $Q$ integrable, if
the limit of the integrals of truncated functions $\lim_{\gamma\infty}\int f^{(\gamma)}dm$ exsts, and
The $Q$ integral of the function $f$ is defined by
It is proved in [6] that the class of all $Q$ integrable functions in a linear set and the $Q$ integral is a linear functional on it. It is obvious that the Qintegral coincides with the integral on the class $\mathfrak{L}$ . The parameter $\gamma$ in (q1) may be confined to the sequence of all positive integers $n$ view of (q2). In this connection, it is interesting to observe that O\v{c}an [4] proved that the $Q$ integrability can be characterized by the single condition absorbing $(q1)$ and (q2): $f$ is $Q$ integrable if and only if the limit $\lim_{\gamma\rightarrow\infty J}r_{f^{(n_{1}\gamma,n_{2}\gamma)}dm}$ exists for every pair of positive integers $n_{1},$ $n_{2}$ , and does not depend on the choice of $n_{1}$ and $n_{2}$ , where
Let us state some of immediate consequences of the definition of the $Q$ integral. First of all, if a non-negative function is $Q$ integrable, it is integrable. If a function $f$ is $Q$ integrable, every p-th power of $|f|$ is integrable with $0<p<1$ , but $|f|$ itself is not necessarily integrable. If two $Q$ integrable functions $f$ and $q$ are equi-measunble in the sense:
for every pair $\alpha,$ $\beta$ , then they have one and the same $Q$ integral. Thus we have proved that every (E.R.) integrable function is $Q$ integrable and its $Q$ integral is equal to its (E.R.) integral.
Conversely now let $f$ be $Q$ integrable. Without loss of generality, we may assume that $m(X)\geq 1$ and $f$ is not essentially bounded. We can take a sequence $\{\gamma_{n}\}$ of positive numbers and a sequence $\{F_{n}\}$ in the following way: Originally Kunugi [3] obtained the class of all (E.R.) integrable functions (or the class Q) by the procedure of completion with respect to the rank which is something between a general uniform topology and a metric topology. A detailed discussion of ranked spaces and their relation to the (E.R.) integral can be found in [5] . It is natural to ask whether the class As the quasi-norm $\Vert f\Vert_{*}$ has properties similar to a norm, it is interesting to ask whether the topology it induces is equivalent to that induced by some norm or, more generally, is equivalent to some locally convex topology (cf. [1] p. 12). One of the advantages of local convexity is that it guarantees the existence of plenty of different continuous linear functionals. However, in our case, the $Q$ integral turns out the only continuous linear functional up to scalar. is defined almost everywhere ([10] , p. 131), but not necessarily integrable. Titchmarsh [6] proved, in essense, that the conjugate function has both the properties $(q1)$ and $(q2)$ . Careful inspection of his proof leads to the following statement. Roughly speaking, the Fourier series of the conjugate function $f(x)$ is $\sum$ ( $b_{n}$ cos $nx-a_{n}$ sin $nx$), in fact, the latter is summable $(C, 1)$ to the conjugate function almost everywhere ([10] , p. 92). The notion of the $Q$ integral permits a more precise formulation, which was basically obtained by Titchmarsh [6] and was explicity mentioned by Ulyanov [8] Theorem 6. For every $n$ , both Many interesting applications of the $Q$ integral to Fourier series can be found in a series of papers [7] , [8] , [9] .
